This paper analyzes the dynamics of completely decentralized bilateral exchange. In such a framework, neither money nor prices as public information exist. Rather, prices represent an agent's barter strategy, and hence are private information. We call these private prices. Agents formulate trade offers and accept or reject offers from other traders, on the basis of their private prices. Private prices are updated by low-scoring agents periodically imitating the strategies of higher-scoring agents. We show that a system of quasi-public prices emerges in the medium run, and these quasi-public prices converge to stationary distributions that are approximately competitive equilibria of the underlying Walrasian model in the long run. We thus provide, for the first time, a general, decentralized disequilibrium adjustment mechanism that renders market equilibrium dynamically stable in a highly simplified production and exchange economy.
The Emergence of a Price System from Decentralized Bilateral Exchange
Introduction
This paper studies an economy in which agents produce, exchange, and consume a number of goods in each of many periods. Rather than using analytically tractable but empirically implausible adjustment mechanisms and informational assumptions (such as Walrasian tâtonnement and prices as public information), we treat the economy as complex system in which agents have extremely limited information, there is no aggregate price-adjustment mechanism institution, and out of equilibrium exchange occurs in every period. The behavior of this economy can be studied through agent-based modeling. An agent-based model is a computer simulation of the repeated play of a game in which a large number of agents are endowed with software encoded strategies governing both how they play the game and how they gather information and update their behavior. The disequilibrium behavior of agents in our agent-based models is governed by a replicator dynamic (Taylor and Jonker 1978) in which, over time, successful agents tend in Darwinian fashion to increase in frequency at the expense of unsuccessful agents. We describe the process of shifting from lower to higher payoff strategies as "imitation." Agent-based modeling is effective in solving problems involving complex nonlinear dynamics that cannot be handled through analytical optimization techniques (Goldberg 1989 , Holland 1975 , Tesfatsion and Judd 2006 .
We assume that each agent has a barter strategy consisting of a vector of reservation values, one for each good, and the resulting distribution of private prices moves through time according to an adaptive evolutionary dynamic in which the strategies of high-scoring agents is imitated by low-scoring agents. We show that from an initial randomly seeded distribution of private prices among agents, the economy evolves rapidly towards what may be termed a quasi-public price structure, in that the variance of private prices across agents becomes relatively small and mean prices change slowly from period to period. In the long run, this quasi-public price structure evolves toward the market clearing price system for the underlying general equilibrium system. Thus, the economy enjoys dynamic stability, which is not the case for the tâtonnement adjustment processes studied by Walras and his followers in modern general equilibrium theory (Saari 1985 (Saari ,1995 .
The economy begins each period with a synchronized production phase, in which each agent has an empty inventory of goods and produces a fixed amount of a single good. This is followed by an unsychronized exchange-consumption-production phase, in which agents seek exchange partners. an agent consumes following trade when he has an optimal consumption bundle, and replace his inventory of his production good when his stock has become exhausted. After a certain number of periods, generally twenty in our simulations, there is a reproduction-mutuation phase in which a fraction (2%) of low scoring agents imitate the strategies (the private prices) of high-scoring agents, and each strategy undergoes a small mutation (5%) with a small probability (1%). The cycle of production, exchange-consumptionproduction, and reproduction-mutation is repeated for a fixed but generally very large number of periods.
A strategy for an agent is a price vector for the various goods he produces or consumes. We assume an agent will only give a quantity of his production good in exchange for a quantity of the production good of his exchange partner, and an agent will agree to an exchange only if the value of what he receives in an exchange is at least as great as the value of what he gives in exchange, according to his private price vector.
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Learning in this economy occurs only during a reproduction-mutation period, and takes the form of a small subset of agents each observing a single other agent, and switching to the strategy of the other agent if he is doing better with a probability that is increasing in the difference between the payoffs. This is a monotone dynamic, which is equivalent in its dynamical properties to the famous replicator dynamic (Taylor and Jonker 1978, Samuelson and Zhang 1992) , ensuring that the system of private prices therefore follows an evolutionary adaptive dynamic. The reproduction algorithm in fact implements the replicator dynamic, although results are the same when the "observing and switching" algorithm is used.
Agents in this economy have no knowledge of excess demand or supply for any good. Nor is there an 'auctioneer' (Walras 1954 (Walras [1874 ) calling out prices, collecting information concerning aggregate demand, and dynamically 'correcting' the price structure, with the aim of moving the system towards market clearing. The only aggregate institution in this economy is a "market" for each good where an agent can be certain of finding all, and only, producers of that good. Moreover, the this institution can obviously be dropped, at the expense of slowing considerably the process of moving to an equilibrium in the economy.
General Equilibrium Theory
The Walrasian general equilibrium model is an idealized version of a modern market economy, with consumers who own factors of production, firms that hire these factors of production and produce consumer goods. All agents (consumers and firms) face a common set of prices, and maximize subject to these prices. Equilibrium prices are defined as a those that lead to zero excess demand for all goods and all factors of production. Well-known theorems assert the existence of such an equilibrium price vector under appropriate conditions (Arrow 1951 , Arrow and Debreu 1954 , Debreu 1959 . Walras (1954 Walras ( [1874 ) described market clearing as effected by a central authority who calls out a set of prices, determines excess demand at these prices, and adjusts the prices towards their equilibrium values. We now know that the implied dynamic in a pure consumption economy is generally unstable, and even chaotic (Fisher 1983 , Saari 1985 , Saari 1995 , Bala and Majumdar 1992 . Moreover, the Walrasian tâtonnement mechanism lacks any counterpart in actual market economies, and violates the spirit of decentralized exchange on which the general equilibrium model is based. Since no decentralized out-of-equilibrium adjustment mechanism has been discovered, we currently have no acceptable dynamical model of the Walrasian system.
Using the technique of agent-based modeling, however, Gintis (2006) has shown that under plausible conditions, the Walrasian economy has a unique, stable steady state in which the economy is reasonably close to Pareto efficient. Moreover, the stability of the system depends on the fact that prices are private: if even a fraction of agents share the same price system and update as suggested by the tâtonnement mechanism, the price system becomes highly volatile.
The Walrasian model abstracts from some, but not all, institutional detail. There remain at least firms, which require a legal system to specify admissible ownership and liability forms, and money, which implies a monetary authority. This paper studies a much simpler form of economic organization, in which there are only individuals who produce in isolation and engage in various bilateral barter exchanges to obtain what they consume. I call this a barter economy.
There has been virtually no work on the dynamics of the barter economy, although existence and uniqueness have been studied. Rubinstein and Wolinsky (1985) assume two types of trader, one with endowment (1,0), the other with endowment (0,1). Each seller wants one unit of the other good. In each time period t = 0, 1, . . ., an agent of type 1 (resp. 2) who has no trading partner meets a partner with probability α (resp. β), which are functions of the relative sizes N 1 and N 2 of the two types. Agents bargain using the Rubinstein bargaining model (Rubinstein 1982) . Agents who complete a trade leave the market and are replaced by new traders, so there are a countable infinity of traders. A market equilibrium is defined as a situation in which all agents of the same type use the same strategy, and each strategy is a best response to the other. They find a unique equilibrium in which agreement is immediate, with the share of each player a function of α, β, and the discount factor δ. Moreover that show that the limit of player 1's share as δ → 1 is N 2 /(N 1 + N 2 ). The Walrasian outcome is of course that if N 2 > N 1 , then player 1 should appropriate the whole surplus. Rubinstein and Wolinsky thus show that the Walrasian equilibrium need not obtain in a barter economy if there are an infinite number of agents. Binmore and Herrero (1988) extend Rubinstein and Wolinsky (1985) to continuous time. Rubinstein and Wolinsky (1990) assume that there are only a finite number of agents, and find that to achieve the Walrasian equilibrium, it is sufficient to assume that agents cannot condition their behavior on their previous histories with other agents. If conditioning on history is possible, other equilibria exist. In this model, there are S identical sellers and B identical buyers, where S < B. Each seller has one unit of a good, and each buyer wants one unit. The competitive solution is where all sellers sell to some buyer for price 1. The paper's noncompetitive equilibria are gotten by "privileging" a subset of S buyers and creating incentives so only trades between sellers and this subset of buyers are carried out. Gale (1986) assumes a finite number of divisible goods, and many types of agents, who trade as often and with as many partners as they like. They leave the market when it is optimal to do so, and new traders enter to take their place. Consumption takes place when an agent leaves the market. When a pair of agents meet, one is randomly chosen to be proposer, and Rubinstein bargaining ensues. Gale shows that any perfect equilibrium of this economy is Walrasian. McLennan and Sonnenschein (1991) and Kunimoto and Serrano (2002) generalize Gale (1986) .
In sum, the current state of knowledge for the barter economy is much like that of the Walrasian economy: under plausible conditions there exists a Nash equilibrium that clears markets, but the dynamical properties of the barter economy are unknown.
The Structure of a Barter Economy
We assume there are n goods and N >> n agents. Each agent consumes all n goods in fixed proportions (o 1 , . . . , o n ) , where o i > 0, ∀i, so the utility function is given by
Each agent produces one good, and we identify the type of an agent by the good he produces. There are equal numbers of each type of producer (we allow variable sector size in Section 7.
At the start of the simulation, each agent is randomly assigned prices for each good drawn from the uniform distribution on (0,1), and the "Score" of each agent is set to zero. The following sequence of events constitute a period, and are repeated throughout the course of the simulation.
Production
Each agent produces the appropriate amount of his production good (see below), and his inventory of other goods is set to zero. 
Exchange-Consumption-Production
The optimum is given by
where
To calculate equilibrium (market-clearing) prices, suppose each agent inventory consists of no g units of his production good g. Then, the price vector
together with (2) through (4), imply excess demand for each good is zero, each agent consumes a bundle equal to (o 1 , . . . , o n ), and each agent has utility one.
The Barter Partner Pairing Process
In each period, each agent starts with an inventory of n units of his production good. First, the n goods are randomly assigned ordinal rankings from 1 to n. Second, the producers of good 1 are randomly assigned ordinal rankings. Third, each producer of good 1, in rank order, visits each of the other goods markets, in the same rank order, and barters with at least one, and a maximum of MaxOffers (set to five in the simulations described below) agents producing that good. The visitor is called the Offerer, and incumbent is called the Responder. After a successful trade, or when MaxOffers attempts at trade have been made, the Offerer leaves the market for the good he as just acquired (or attempted to acquire). If an exchange has taken place, at this point each trader consumes from his inventory if he possesses a positive amount of each good, but cannot otherwise dispose of inventory until the start of a new production period. The utility derived from this consumption is added to his "Score." An agent who completely consumes his inventory of his production good, is permitted to produce another unit instantaneously at zero cost. The Offerer then moves on to the next goods market, and proceeds in the same way until all markets have been visited. The same process is then repeated with the second agent in the first market as Offerer, and similarly for succeeding agents in the first market.
When all agents in the first market have had a turn at being Offerer, a similar opportunity is afforded the producers of the second and succeeding goods, until the complete list of goods has been processed, with each agent having been Offerer a maximum of MaxOffers (= 5) times in each market other than his own. If the average number of offers for the kth good is f k ≥ 1, then is clear that each producer of good k will receive an average of (n − 1)f k offers, and will himself make an average of f k offers for good k.
The Barter Process
When Offerer i producing good g encounters agent j producing h = g, he uses (2), (3) and (4) to determine an amount x ih > 0 of good h he will accept in exchange for an amount x ig ≡ p ig x ig /p ih of his production good g. Agent j refuses to trade unless p jh x ih ≥ p jg x ig ; i.e., unless he values what he receives in trade at least as much as what he gives up). If he agrees to trade, the terms of trade are set at p ig /p ih , and the Responder sets the size of the trade to be the maximum compatible with his inventory of good h, his demand for good g, and the amounts x ih and x ig that the Offerer is willing to trade.
Three alternative trading mechanisms are represented in the literature. The first reverses the roles of the Offerer and Responder. This leads to the same dynamics, so will not be discussed. The second and third, Nash bargaining and Rubinstein bargaining, are not applicable in this case, since the value of the goods to the two agents is not common knowledge, thus invalidating at least one of the Nash axioms (Pareto-optimality), and the common knowledge assumption of the Rubinstein bargaining model. A review of the literature on bargaining with two-sided incomplete information yields nothing that covers the bargaining situation of this paper (Ausube, Crmton and Deneckere 2002) 
Reproduction-Mutation
Every tenth period, a fraction (2%) of agents of each type who have low Score discover and copy private prices of higher-Score agents. This process implements a replicator dynamic,as follows. The Score of all agents of a particular type are normalized proportionally so that the lowest becomes zero and the highest becomes one. Agents of this type are then repeatedly randomly addressed, and with probability one minus the agent's Score, are designated for replacement. This continues until enough replacements have been found. Then, agents who are not to be replaced are randomly addressed and an agent serves as aa replacement with a probability equal to its Score. Each agent to be replaced is then paired up with a replacement, and the former copies the latter's private prices.
After every reproduction period, every private price of every agent mutates with probability 0.01. A mutation multiplies or divides the price by 0.95, each with probability 1/2.
At this point, unless the desired number of periods has been complete, the program return to Section 3.1 and repeats.
Short-Term Convergence to Quasi-Public Prices
The following observations flow from many runs of this simulation, each seeded with independently generated private prices, and widely varied parameters of the model-number of goods, number of agents per good, and the number of attempts to trade (MaxOffers ≥ 3). We find that the economy converges rather quickly to a system of quasi-public prices, in the sense that there is a rapid decline (fewer that 2000 periods are generally required) in the standard deviation of mean relative private prices across periods, and in the standard deviation of relative private prices across individuals. This dynamic is illustrated in Figure 1 , showing the first 1500 periods of a typical run of this agent-based model, assuming six goods and 100 agents per good.
Long-run Movement to Market Equilibrium
Quasi-public prices generally start far from their market equilibrium values, but approach market-clearing prices in the long run (on the order of 150,000 periods), and the economy moves even closer towards an efficient allocation. Moreover, the payoffs to the various types of producers tending to their market-clearing values as well. In this long-run state, the variance of quasi-public prices, the deviation of these prices from market-clearing levels, and the variation in payoffs to agents are driven by the mutation rate alone.
The long-term convergence of prices to quasi-equilibrium prices is illustrated in Figure 2 for a six-good economy with 100 agents per good, where (o 1 , . . . , o 6 ) = (1, 2, 3, 4, 5, 6), so the equilibrium prices of the goods vary by six-fold. Figure 2 shows that the convergence of quasi-public prices to market equilibrium prices takes place over some 150,000 periods. Figure 3 shows that the payoffs to the producers of the initially underpriced goods converge to the mean over this sequence of periods.
The vertical axis in Figure 3 measures the ratio of actual optimal payoffs, assuming agents all hold the market-clearing prices. We calculate optimal payoffs by assuming all agents' private prices equal the Walrasian market-clearing prices (5) and running the economy for one period of production and trade. The ratio of average actual to optimal payoffs starts at about 20%, and as the variance of prices falls, rises to about 55%.
This strong movement of prices towards market equilibrium has nothing in common with the usual price adjustment mechanism in general equilibrium theory (Fisher 1983) , in which prices changes are a function of aggregate excess supply. Rather, when a good is underpriced compared to its equilibrium price, a shopper who is willing to pay more and a seller who is willing to charge more will both do better, on average, than other agents whose private prices are nearer the reigning quasi-public price structure. 
Quasi-Walrasian Equilibrium when a Good is in Long-Run Excess Supply
As a check on this argument, we alter the initial conditions so that good 1 is produced at half its previous rate, we assume there are three goods, and all other aspects of the simulation are the same as previously. There is thus an excess demand for good 1 in each period. Figure 4 shows the long-run movement of the relative payoffs of the producers of the three types of goods. In the long-run, the price of the goods in excess supply tends to zero, so all of the social product accrues to the producers of the good for which there is excess demand. figure shows that the payoffs to agents whose production good is in excess supply tends to zero. The economy has three goods.
The Effect of Flexible Supply Curves
The preceding models assumed that the conditions of supply of each good are fixed. If we allow agents to switch from producing one good to another, we would expect that once quasi-public prices obtain, agents will shift production so that the returns to all producer types are roughly equal. This will lead to a disequilibrium in the size of the various production sectors. Then, as prices approach market equilibrium, the production sectors will approach their equilibrium size, which with the above parameters, is equal size for all sectors. Figure 5 shows that is in fact what occurs. In this run, only sectoral fractions of producers are shown. The movement of prices and payoffs is as previously described. 
Private Prices and Money
Our results extend to a monetary economy. By money we mean an exchangeable good that is in fixed supply, being neither produced or consumed. Each agent is endowed with a share of the total money supply at the beginning of a simulation. We interpret the evolutionary dynamic as poorly performing agents dying and being replaced by copies of the well performing agents. An agent who reproduced inherits the money supply of the agent who died, and shares this equally with its offspring.
Agents now consider money the numeraire, so they continue to have n private exchange ratios, this time for each good versus money. Each agent is given a stock of 10 units of money at the start of the run. For this simulation we assume there are seven goods. of which each producer consumes three in each period. We choose (o 1 , . . . , o 7 ) = (1, 2, 3, 4, 5, 6, 7), and an individual who produces good i produces ko i units per period. In market equilibrium, prices are p i = (1/o 1 , . . . , 1/o n ), a producer receives k money units for his production good, and spends one money unit each on his k consumption goods, receiving an amount o c of each consumption good c, so his consumption utility is unity. With these production conditions, supply equals demand in all markets, at least on average (since the consumption goods assigned agents in each period are randomly assigned, the law of large numbers applies). Figure 6 shows the evolution of the percent deviation of prices from market equilibrium prices, as well as the evolution of average payoffs for this monetary economy. Once again, we have long-term movement towards the market equilibrium levels, including nearly 90% efficiency towards the end of the simulation. 
Conclusion
Our agent-based models of economic dynamics have revealed a fact that analytical models have systematically failed to recognize: the price system in a market economy has strong elements of a complex adaptive system, the evolution of which tends to stabilize a market economy. Public prices, by contrast, lead all agents to adjust in the same direction in a given period, thus creating a situation in which instability and chaos are likely outcomes.
We have shown that the informational requirements for a successful economic system are quite modest, and among the most important are the ability to ascertain the relative success of other agents, and the capacity to imitate the strategic behavior of the relatively successful.
The range of economies studied in this paper are extremely simple, without firms, raw materials, capital or intermediate goods, labor, or any of the many institutional characteristics of a real economy. In a companion paper, Gintis (2006) approaches the problem from the other direction, starting from a fairly complete implementation of a Walrasian general equilibrium model with public prices but no aggregate price adjustment mechanism, with results that are similar to those of this paper.
Our results should be considered empirical rather than theoretical: we have created a class of economies and investigated their properties for a range of parameters. It remains to develop analytical models of private pricing, the passage to quasi-public prices, and the subsequent passages to something akin to market clearing prices.
